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1 Introduction and main results 

Let (9 be a simply connected and bounded open set in M? with C^' ^-boundary. We 
choose some i?o > such that O C B^^^ = {x G | |a;| < Rq] and fix it. Let i? 
be the exterior domain to (9, i.e., ^2 = \ (9. In this paper we are concerned with 
the initial-boundary value problem of the magnetohydrodynamic system (the Ohm- 
Navier-Stokes system) concerning the velocity v = (f t),V2{x, t),vs{x, t)), pressure 
p = p{x, t) and magnetic field B = {Bi{x, t), B2{x, t), B^{x, t)) in i7 x (0, oo): 

' vt- + {v ■V)v + Vp + B cni\B = Q in i7x(0, oo), 

Bt + cni\cm\B + {v ■V)B -{B ■V)v = Q in i7x(0,oo), 

divi; = 0, divS = in i7x(0,oo), (MHD) 

i; = 0, h' B = Q, curls xi/ = 0, on 9f2x(0,oo), 

^(x, 0) = a, 0) = b in Q. 



1 



Here a = {ai{x) , a2{x) , a^^x)) and b = (61 (x)), 62(0;), 63(0;)) are the prescribed ini- 
tial data for the velocity and magnetic field, respectively and u = (z^i, z/2, z^s) is the 
unit outer normal on df2. The magnetohydrodynamic system is known to be one 
of the mathematical models describing the motion of the incompressible viscous and 
electrically conducting Newtonian fiuids. This system is a coupled system of the 
Navier-Stokes system, Maxwell's equations and Ohm's law under the MHD approxi- 
mation (see e.g.. Landau and Lifshitz [Mj). 

On the nonstationary problem of the magnetohydrodynamic system, there are 
many works when i7 = or i7 is bounded. For example, Ladyzhenskaya and 
Solonnikov ^j, Duvaut and J.-L. Lions 1^ and Sermange and Temam ^Hl- However, 
all of the works above are done in the setting. While on the other hand, Yoshida 
and Giga [21] studied ()MHD|) when Q is bounded by analytic semigroup approach 
similar to Giga and Miyakawa and they constructed the unique global strong 
solution if the initial data (a, 6) are sufficiently small in sense of L^. In the exterior 
domain case, Kozono |E] showed the energy decay of the weak solution of ()MHD|1 . 
As far as the author knows, there has been no work on a global in time existence of 
strong solution to ()MHD|) when fl is exterior domain. 

For the nonstationary problem of the Navier-Stokes equations for the motion of 
the viscous incompressible fiuids, T. Kato jjl] showed the global solvability of the 
Cauchy problem if initial velocity a is sufficiently small with respect to L"-norm 
{n > 2 denotes the dimension). The argument of Kato is based on the estimates of 
various L^-norm of the Stokes semigroup (in the whole space, the Stokes semigroup 
is essentially the same as the heat semigroup e*^). In particular, the L^-U' type 
estimates for such semigroup play a crucial role in his argument. The result of Kato 
was extended to the case of n-dimensional exterior domain (n > 3) by Iwashita pH] . 
Iwashita showed the L'^-U estimates for the Stokes semigroup in exterior domain 
which will be introduced later and solved the initial boundary value problem of the 
Navier-Stokes equations in exterior domain by using Kato's iteration scheme. In view 
of Kato and Iwashita, if the initial value (a, h) are small enough in the sense of the 
L^-norm, we can expect that (jMHDjl admits a unique global strong solution. Indeed, 
as mentioned before Yoshida and Giga |j24] succeeded in constructing the global Li^- 
solution when f2 is bounded domain. Thus, our main purpose of the present paper is 
to show an existence theorem of global strong solution for ()MHD|) . 

Since the main point of the argument of Kato and Iwashita consists of the study of 
the linearized problem. Therefore in order to treat ()MHD|1 by such argument, we have 
to study the linearized problems of (jMHDj) and investigate the properties of solutions 
to such problem. If we linearize ()MHD|) . we obtain two systems of equations. The 
first one is system of the Stokes equations and the second one is the following linear 
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diffusion equations with the perfectly conducting waU: 

■Uf + curl curl -u = 0, div'U = in O x [0,oo), 
uu = 0, curl'ux^' = on (9i7x(0,oo), (1.1) 

u{x, 0) = b in i7. 

For the nonstationary Stokes equations, we already had the U-U estimates due to 
Iwashita, thus what we have to do here is to get the L'^-U estimates for the solutions 

of jlH). 

To state main results of this paper precisely, at this point we shall introduce 
notation used throughout this paper. We use the following symbols for denoting the 
special sets, 5^ = {x e | < i?}, = {a; G | |x| = i?}, Dl^r = {a; G | L < 
|a;| <R},QR = Qn Br, BOr = dQU Sr. 

Let D be any domain in M?. For 1 < g < oo, L'^{D) denotes the usual Lebesgue 
space on D, W"^''^{D) denotes the usual L''-Sobolev space of order m, and C^{D) is 
the set of all infinitely differentiable functions in D with compact support in D. For 
function spaces of vector valued functions, we use the following symbols: 

L'^iD) = {f = (A, /2, /s) I /, G J = 1, 2, 3}, 

likewise for W™'''^{D), C^{D). Moreover we define a function space L'^r{D) as follow: 

L%{D) = {feL'^{D)\snppfcBR}. 

For the differentiation of three-vector of functions / = {fi, f2, fs) and the scalar 
function p we use the following symbols: djp = dp/dxj, pt = dtp = dp/dt, Vp = 
{dip,d2P,d3p), 
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div / = ^ djfj, curl / = (^2/3 - ^3/2, dsfi - difs, ^1/2 - 92/1), 

V"^/ = (9^/1 |a| =m). 

To denote various constants, we use the same letters C and Ca_,b,... means that the 
constant depends on A, B , . . . . The constants C and Ca.b,... may change from line to 
line. 

In order to give an operator theoretic interpretation of ()MHD|1 . here we shall 
introduce the well known Helmholtz decomposition of L'^[Q). First, we shall introduce 
the following function space: 

c^in) = {fe c^in) I div / = in n}. 

Let 1 < g < 00. As is well known that the Banach space L'^{f2) admits the Helmholtz 
decomposition (see Miyakawa ^7], Galdi Chapter III] and Simader and Sohr pi]): 

L'^{f2) = Ll{0) © CiO), © : direct sum. 
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Here 



Cin) = {/ e L'^in) \f = Vp for some p G LL(^)}- 

Since dil is C^'^-hypersurface, the solenoidal space L^i^^) is characterized as (see 
e.g., Galdi ^) 

LKQ) = {f e L'^iQ) I div / = in i7, ■ / = on dQ}. (1.2) 
Let P = Pq^Q be a continuous projection from L'^{Q) onto Iv^(f2) and then 

\\Pf\\Li{Q) < Cq\\f\\Li(f2) (1.3) 

for any / G L'^{f]). Let us define the hnear operators A = Aq^Q and M. = -Mq^n as 
follows: 

V{A) = Ll{Q) n W^^\Q) n VFo'^l^), 
Ai; = -PAv for i; G T'(A), 
V{M) = Ll{Q) n {B G iy2'''(f2) I curlB X 1/ = on 9^2}, 
TWB = curl curl B for B G V{M). 

The operator A is usually called the Stokes operator with non slip boundary condition. 
We note that the operator M. is mapping from T>{M.) to L^(i7). By using A and M., 
(jMHDjl is rewritten by the following Cauchy problem of abstract evolution equations 
in the Banach space L^iyt) x Ll(Vl): 

^ ^ + Av{t) + P[{v{t) ■ V)v{t) - {B{t) ■ V)B{t)] = 0, t > 0, 

'^^^ + MB{t) + {v{t)-V)B{t)-{B{t)-V)v{t) = Q, t>0, ^^'^^^ 
^ i;(0) = a, B(0) = b. 

Here we have used the well known formula: 

V\B? 



B X curls = -{B ■ W)B + 

The second term in the right hand side of the above relation is eliminated by the 
Helmholtz projection P. According to Miyakawa 17j and Borchers and Sohr [3], 
—A generates a bounded analytic semigroup (e~*^)j>o on L'}^{^) and according to 
Miyakawa [ini and Shibata and Yamaguchi [20] the operator —Jvl also generates a 
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bounded analytic semigroup (e *'^)t>o on L^{0). Therefore, by virtue of Duhamel's 
principle, ()ACP|) is converted into the following system of integral equations: 



(INT) 



v{t) = e-'^a - f e-^'-'^^^Pliv^s) ■ V)v{s) - {B{s) ■ V)B{s)] ds, 
Jo 

B{t) = e-'^b - [ e-^'-'^^[{v{s) ■ V)B{s) - {B{s) ■ V)v{s)] ds. 
Jo 

For notational simplicity, we set Vo(t) = e~^^a, BQ{t) = e^*-^b, 

F[v, B]{t) = - r e-(*-^)^P[(v(s) ■ V)v{s) - {B{s) ■ V)B(s)] ds, 
Jo 

G[v, B]{t) = - [ e-^'-'^^[{v{s) ■ V)B{s) - {B{s) ■ V)v{s)] ds. 
Jo 

Our aim of this paper is deduced to solve pNT|) by contraction mapping principle 
(or Kato's iteration scheme). In order to do this, we need L'^-U estimates for the 
semigroups e"*"^ and e~^^ . 

We are now in a position to state our main results. The first result is concerning 
L'^-U estimates for the semigroup e"*-'^. 

Theorem 1.1 (L'^-U' estimates). 

(i) Let 1 < q < r < oo and g 7^ oo, r 7^ 1. Then there exists a constant C = Cq^r > 
such that 



\e-'^f\\Lr(a) < Ct--^-^-r)\\f\\L,m), t > 



for any f G Ll{n). 

(ii) Let l<q<r<3,r^l. Then there exists a constant C = Cq^r > such that 

l|Ve-*^/IU.(r,) < crt(l-^)-^||/||^,(^), t > 

for any f E Ll{Q). 

The basic idea to prove Theorem 11.11 is similar to that of Iwashita ^0] for the 
Stokes semigroup. Iwashita's idea is based on the local energy decay property of the 
semigroup near the obstacle O. Such local energy decay estimate for e~*'^ is obtained 
by Shibata and Yamaguchi [201 (see also |23)- 

Theorem 1.2 (local energy decay |2()| ). Let 1 < g < 00. For any R > Rq , there 
exists a constant C = Cq^R > such that 



e 



-tM 



for any f eLl{Q)f}Ll{Q) 
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The following theorem by Iwashita JUl is concerning the L'^-U' estimates for the 
Stokes semigroup, which is refined by Maremonti and Solonnikov ^3] and Enomoto 
and Shibata [Hj (see also Giga and Sohr 'W\). 

Theorem 1.3 {L'^-U estimates for the Stoke semigroup O HI HDl HI] ) • 

(i) Let 1 < q < r < oo and g 7^ oo, r 7^ 1. Then there exists a constant C = Cg^r > 
such that 

||e-*^/l|L.(r2) < Ct-t(^^)||/|U,(r,), t > 

for any f E Ll{Q). 

(ii) Let 1 < g < r < 3. Then there exists a constant C = C{q,r) > such that 

II Ve-*^/|U.(^,) < Ct---i-.--r)--2 ||/|U,(r2), t > 
for any f E Ll{Q). 

Finally, applying Theorem 11.11 and Theorem 11.31 we obtain an existence theorem 
of global in time strong solution for (|MHDj) with small initial data. 

Theorem 1.4 (Global existence). There exists an rj = ri{f2) > such that if 
(a, b) E L^{f2) xL^{f2) satisfies ||(a, b)||3 < 77 then ()MHD|) has a unique global strong 
solution {v(t), B(t)) E i?C([0, 00); L^(i7) x L^(i7)) which possesses the followings: 

lim||(^(t),B(t)-(a,6))|U3(^) = 0, 

£m t^-i||(i;(t),B(t))|U,(«) 

+ \im^t-2\\Viv{t),B{t))\\L3^a) = /or3<g<cx); 

\\{v{t),B{tmmn) = o (r^+i) /or 3 < g < 00, (1.4) 

\\Wivit),BmWm = o{t''^). (1.5) 

as t ^ 00. Here BC{T,X) denotes the class of X -valued bounded and continuous 
function on interval I. 

Remark 1.5. We do not require any smallness assumption on the initial data for 
proving the local in time existence of solution to ()MHD|) . 

Below, in section|2]we prepare the well known Bogovskii's lemma and some lemmas 
which will be used in the latter sections. In section IHl we shall prove Theorem 11.11 
with aid of L'^-L^ estimates for the heat kernel. Theorem 11.21 and cut-off technique. 
By using Theorems 11.11 and II. 3[ we prove Theorem 11.41 in section 0] 
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2 Preliminaries 



In this section, we prepare some useful lemmas which will be used in the latter 
sections. In Section El we will prove Theorem 11.11 by cut-off technique. In order to 
keep the divergence free condition in cut-off procedure, we are due to the well known 
lemma by Bogovskii [2] (see also Galdi [HI Chapter III]). In order to state Bogovskii's 
lemma, we shall introduce the function spaces W"^''^{D) and W'^''^{D) as follows: 



W'^^i{D) = <f e 



/ f{x)dx = 
Jd 



Here D stands for a bounded domain in M.^ with smooth boundary dD. We note that 
WO'i{D) = Li{D). 



Lemma 2.1. Let 1 < g < oo and let m be a non-negative integer. Then there exists 

suppM[f]cD, 



a bounded linear operator M = Mn : W^'^iD) ^ W (M^) such that 



divB[/] = f m Ml 
To use Lemma \2.1\ we shall rely on the following lemma. 

Lemma 2.2. Let 1 < q < oo, R > L > Rq and let (p{x) G C^(M^) such that (p{x) = 1 
for \x\ < L and (p{x) = for \x\ > R. 

(i) IfuE W'^''^{M.^) and u satisfies the condition: divw = m M? , then (V(y5) u E 

(ii) If u E W'^''^{il) and u satisfies the conditions: dwu = in il and u - u = on 
dQ, then (V^) ■ u E W^^'i{DL,R). 

Next, we shall introduce the results in the case of bounded domain D. From 
Akiyama, Kasai, Shibata and Tsutsumi |1|, it follows the following proposition. 

Proposition 2.3. Let 1 < g < oo. Assume thatdD E C^'^. Then for any f E L'^{D) 
there exists a unique solution u E VF^''^(-D) of the following system: 




in D 



on dD, 
on dD, 

which satisfies the estimate: 

ll'"llvy2,9(_D) < C'||/||Lq(£)). 
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Next we shall introduce the resolvent estimate. The resolvent problem corre- 
sponding to is given by the following Laplace system: 

Xu — Au = / in i7, 

cut\uxi/ = on df2, (2.1) 
u ■ u = on df2, 

The following theorem obtained by Akiyama, Kasai, Shibata and Tsutsumi is 
concerned with the resolvent estimate for (12.111. 



Theorem 2.4. Let l<g<oo, 0<e<7r/2 and 5 > 0. Set 

^e,s = {A G C \ {0} I I argAI < vr - e, |A| > 6}. 

Then, for any f E Ll.(il) and A G S^^^, ()2.1|) admits a unique solution u G W'^''^{Q) 
possessing the estimate : 

|A| ||li.||L9(l?) + ||'"'||w^2.'?(f2) < C^^s\\f\\Li{Q)- (2.2) 

On the linear operator M.q defined in Section ^ we quote the following theorem 
due to Shibata and Yamaguchi pO] . 

Theorem 2.5. Let 1 < q < oo, q' = q/{q — 1) and Ai* be an adjoint operator of 
M.q. Then we have A^* = M.qi . 

3 Proof of Theorem 11.11 

In this section we shall prove Theorem 11.11 Our proof is based on the ideas due to 
Iwashita and Hishida Here and hereafter T{t) denotes the analytic semigroup 
generated by -Mq, i.e., T{t) = e"*^. Given / G Ll{Q), we set u{t) = T{t)f. Then 
u{t) solves the following initial-boundary value problem: 

Ut — Au = 0, divn = in f2x(0,oo), 
u ■ u = 0, curl'UXi/ = on 9i7x(0, oo), (3.1) 
u{x, 0) = / in f]. 

Here we have used the well known formula: 

Aw = V div u — curl curl u. (3.2) 
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1st step 

As a first step, we shall show the following lemma. 

Lemma 3.1. Let 1 < q < oo and R > Ro + 3. Then there exists a C = Cq^Q^R > 
such that 

\\dtT{t)f\\wi..if2^) + \\T{t)f\\w2.(^^^) < 
for anyt>2 and f E Ll{Q). 

Proof. Since we consider the case when t > 2, we set 

g = r(l)/, v{t)=T{t)g = T{t+l)f. (3.3) 

By ()2.2|) . the analytic semigroup theory (see e.g., Pazy [18j) and ()3.1|) . we have 

\\g\\w^Hn)<C\\f\\L',in). geV{M), (3.4) 
v{t) e C{[0, oo); W^'\Q)) n C\{0, oo);L^{Q)), (3.5) 
Vt — Av = 0, divv = in Q x {0,oo), 
u ■ V = 0, curli;xi>' = on df2 x {0,oo), (3.6) 
v{x, 0) = g in i7. 

Let ip G C°°(M3) such that ij{x) = 1 for |x| > + 1 and ^(x) = for |x| < R. By 
()3.4p and Lemma EI21 we have (Vip) 9 G W^''^{Dji^r^i) and therefore by Lemma ITT] 
we have 

^Dn,n+AW) ■ 9] e W^^'^iW'), suppBb^,^^J(V^) ■ g] C DR,n+u 
divMn,^^J{V^P)■g] = {V^P)■g, 

-g^w^'im < C\\f\\L^(^n). (3.7) 

In what follows, for notational simplicity, we use the abbreviation B = B/)^^^^. 
Let E(t) be the Gaussian kernel, namely. 



E{t) = E{x,t) = -— rexp (3. 

and set 

h = iljg- B[(V^) -g], w = E{t) * h = -^^-^ exp h{y) dy. 

By (jS3I) and (jHHI), we see that 

h G Vr2'^(M^), 
divh = in 

h = g, |a;| > i? + 1, 
||^||vy2,q(]R3) < Cq\\f\\L'i{n)- 
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(3.9) 



Applying Young's inequality to w{t) and using ()3.9|) . we obtain 

w{t) e C{[0, oo); W^'\R^)) n C\[0, oo); L%R^)), (3.10) 

Wt-Aw = 0, divio = inM^x(0,oo), w{0) = h, (3.11) 

||V^'it;(t)|U.(M3) < C,,,(l + t)-i(^^)-'||/|U,(r2), J = 1,2, t > 1, 

\\wt\\Lr(K^) + II V''a?(t)|U.(M3) < Q,(l + ty^^-^-^y'llfh^n) (3.12) 

provided that 1 < g < r < cx). Since divtu = 0, by Lemma ITT] we have (Vtp) - wit) G 
C([0, oo); iy^^'^(DR,/j+i)), and therefore we set 

z{t) = v{t) - ipwit) + M[{Vip) ■ w{t)]. (3.13) 

Then, from ()3.5p and ()3.10|) and Lemma [2. II we obtain 

z{t) e C([0, oo); W^'\n)) n C^([0, oo); X«(f2)), (3.14) 
Zt-Az = F{t), divz = in i7x(0, oo), 

u ■ z = 0, cnTlzxu = on 9i7x(0, oo), (3.15) 
z{0) = Zq in [2, 



where we have set 



F{t) = 2Vw{t) ■ + iAij)w{t) + (dt - A)B[(V^) • w{t)l 
Zq = g -^h + M[(yij) ■ h]. 



We shall show that 



(3.16) 



F{t) e C([0, oo);Ll{f])), supp F{t) C Dr^r+i for any t > 0, (3.17) 

||i^(t)||L.(i2) <C^(l + t)"*||/||L.(r2), (3.18) 
ZoeV{Mg), Zo = for x^Br+^, (3.19) 
||'2o||iy2,'?(i7) <C\\f\\L.in). (3.20) 

In fact, since 

{dt - A){^w{t)) = -2\/w{t) ■ Wip - {A'^)w{t), 
by Lemma [2.21 we have 

divF(t) = -dw{{dt- A){ijw{t))} + {dt~ A) divB[(V^) ■ iu(t)] 

= -{dt - A)[div {^w{t)) - (Vip) ■ w{t)] = 0, (3.21) 

because div w{t) = 0. Obviously, suppi^(t) C Dr^r+i. In particular, we have v ■ 
F{t) = on df2 for any t > 0, which combined with p.2|l and 1)3.211) implies that 
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F{t) e Ll{n) for any t > 0. Clearly, by ^ and (Hm) . F{t) E C{[0, oo); L'^{n)), 
which completes the proof of ()3.17|) . By Lemma f2. II and ()3.12|) with r = cxd, we have 

||i^(t)IU.(r2) < CJ|||V^|Vto(t)|U,(r,) + \\\Ai;\w{t)\\L.ia) 

+ ||V^ ■ w{t)\\wi,i{n) + \\V^ ■ Wt{t)\\L,(^a)} 

< Cg,/j{||lt»(t)||vyi,oo(K3) + ||lt»t(t)||Loo(K3)} 

<C,,fi(l + t)-^||/|U,(r,). 

By (13 .91) we see that g = iph for x ^ Furthermore, suppB[(V'?/') ■ h] C -D_r,r+i. 

Therefore, by ()3.9p we have divzg = in i7, ||2;o||i4^2,9(^) < CqWfWiq^^Q) and Zq = 
for X ^ -Bii+i- Since Zq = for |a;| < R, g = T{l)f implies that i/ ■ zq = and 
curlzo X 1/ = on df2. These facts imply that zq G V{Aiq). Therefore we get ()3.17|1 . 
dSIHD and dSISD. 

By fl3.14|) . ()3.15p and ()3.17p and Duhamel's principle, we have 

z{t) =T{t)zQ+ [ T{t-s)F{s)ds. (3.22) 
Jo 

Let t > 1. In view of ()3.17|1 and ()3.19j] . we can apply Theorem 11.21 (local energy 
decay) to estimate z{t), and then we have 

/t ^ 
{t - s)"2 ||F(s)||Lg(i2) ds 

(3.23) 



/•t-i 

+ / {t-s)-^\F{s)\\L.(n)ds. 
Jo 

Here we have used the standard estimate of analytic semigroup: 

Li{n) 

for any < t < 1 and / G L^(f2), which follows from (Q. By using dSUl), 
and ()3.23p we obtain 



Applying ()3.12j) with r = oo and Lemma f2. II we have 

__3_ 

\\i)w{t)\\wh,(^nn+-,) < Cg\\w{t)\\who.(u3) < Cgt ^"Wfllmo), 
||B[(V^) ■ w{t)]\\w^^^ian^,) < C,||(V^) ■ w{t)Uq^an+^^ < Cq\\w{t)U^^^s) 

— — 

< C^qt \\f\\Li{Q), 
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which combined with ()3.13|) and ()3.24|) imphes that 

\\v{t)\\w^,,(^aR+^) < Cqr^\\f\\Li(n) for any t > 1. (3.25) 

Now, we shall estimate dtv{t). Recalling that v{t) =T{t + l)f e C^{[0, oo); V{M)), 
differentiating ()3.(jj) with respect to t variable, we have 

dtVt — Avt = 0, divi;( = in i7x(0,oo), 
1^ ■ Vt = 0, cnT\vtXi/ = on dQ x {0,oo), (3.26) 
vt\t=o = g' in f2, 

where (/' = dtT{t + l)f\t=o. Sinc e g' e V{M) and ||flf'||w'2.9(f2) < Cg\\f\\Li(n), applying 
the same argument as above to ()3.26|) . we get 

||5^^'(^)lkl..(^?«+l) < C^t" * (3.27) 

Finally we shall estimate the second derivative of v{t). In order to do this, we 
shall use Theorem EH with A = 1. Let e C^(M^) such that (p{x) = 1 for < R 
and ip{x) = for \x\>R+ 1/2. Put 

vi{t) = ^t;(t) - B[(V<^) ■ v{t)]. 

Here and in the followings, we use the abbreviations B = K^jj+i/afl- Lemma l2.ll 
and Lemma f2. 21 we have 

vi{t) = v{t) in f2R, divi;i(t) = in i7. (3.28) 

According to ()3.(ij) . ()3.28|1 and the fact that Vi(t) = for a; ^ we have 

vi{t) - Avi{t) = G{t), divvi = in Qr+i x (0, oo), 
u-vi{t) = 0, curli;i(t) X i/ = on x (0, oo), 

where 

G{t) = fv{t) - B[(V^) • v{t)] - 2Vv{t) ■ - {Aif)v{t) + AB[(V^) • v{t)] + (pdtv{t). 
By Proposition 12.31 we have 

< l|G(t)|U,(^,^o- (3-29) 

Applying ()3.25p and ()3.27|) . we have 

\\G{t)\\Li{nii+i) <Cgt "^WfllLiiQ), 
which combined with ()3.28j) and ()3.29|1 implies that 

3 

\\v{t)\\w^,,(nR) < 11/11^,(^2). (3.30) 

Combining ()3.3|) . ()3.27|) and ()3.30|) . we complete the proof of the lemma. □ 
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2nd step 

At this step, we shall show the following lemma. 

Lemma 3.2. Let 1 < g < oo and f G L1{Q). Then we have the following two 
estimates: 

\\T{t)f Wirt^n) < ||/||^,(^) for anyt>2 (3.31) 

provided that q < r < oo and 3(l/g — 1/r) < 2 and 

II VT(t)/|U,(^,) < C,r^ WfWmn) for anyt>2 (3.32) 
provided that 1 < q < 3. 

Proof. In view of Lemma l3.ll it suffices to estimate T{t)f in i7 \ for t > 2. Set 
v{t) = T{t + 1)/ = T{t)g with g = T(l)/. Let ip{x) G C°°(M3) so that ip{x) = 1 
for |a;| > R — 1 and ip{x) = for |x| < R — 2. In view of Lemma 12.21 we set 
w{t) = i^vit) — B[(Vv5) • v{t)\ and then by ()3.(ij) and Lemma ITTl we have 



where 



wt- = K{t), divii; = in ]R^x(0, cx)), 
iy(0) = Wq 



K{t) = -2Vv{t) ■ Vip{t) - iAip)v{t) - {dt - A)M[{Vip) ■ v{t)], 
wo = ipg - mVip) ■ g]. 



(3.33) 



(3.34) 



Here and hereafter B = Mr_2^r-i. Since w(t) = v(t) for |x| > R, it suffices to 
estimate ()3.34p . Employing the same arguments as in the proof of ()3.17p and ()3.19|) , 
we get 

div K{t) = 0, div Wq = in (3.35) 
supp K{t) CD n_2,R~,. (3.36) 

Let E{t) be the Gaussian kernel: ()3.8|) . In view of ()3.35p . employing the same 
argument as is the proof of ()3.22|) . we have 

w{t) = E{t) * Wo + [ E{t - s) * K{s)ds. (3.37) 
Jo 

Applying Young's inequality, we have 

\\V^E{t) * (^||l.(m3) < C,,,r^(^^)~2 11,^11^,(^3) (3.38) 
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for any t > 0, j > and 1 < q < r < oo, and 

\\E{t) * v?||h/2.9(ir3) < Ct~^\ip\\wi,,(^^3) (3.39) 
for < t < 2. Recalling that v{t) = T{t + 1)/, by (Q we have 

\\dtv(t)\\L.(^n) + \\v(t)\\w^.,^^n) < C,\\f\\L.(n) (3.40) 
for < t < 2. From (D, dSSHl), (ElOl), Lemma lO and Lemma EH we have 

\\K{t)\\w^,,^^3) + ||K(t)|U.(K3) < C(l + t)-M\f\\L.in). 1 < 7 < g, (3.41) 

Ho||l.(M3) <C||/|U,(^,). (3.42) 

Set 

h{t) = E{t) * Wq, l2{t)= I E{t-s)*K{s)ds. 

Jo 

By and (jTI^ we have 

||/l(t)||L'-(R3) < Cg,rr^^-^''^\\f\\mn), 
||V/i(t)|U,(M3) <C,r^||/||M{l?). 

Let t > 1 and r, 7 be numbers such that 



(3.43) 



g < r < 00, 3 Q - < 2, 1 < 7 < min ^ . (3.44) 
Then by the Sobolev embedding theorem, ()3.38|1 . ()3.39p and ()3.4H) we have 



\\h{t)\\Lr{RS) <Cg^r / \\E{t - s) * K{s)\\w2,i(R3)ds 
Jt-i 

+ [ \\E{t-s)*K{s)\\Lr^^^)ds 
Jo 

<Cq^r {t - Sy^\\K{s)\\whi(R3)ds 

Jt-1 



3 ( 1 1\ , , 3 



<Cg,r<t--^+ / (t- s)-^y---){l + s)--^ ds}\\f\\L.in). (3.45) 
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Observe that 

t— 1 I't 

{t - s)~^(^"^)(l + sy^ ds < Cr,^ / (1 + t - + s)'^ ds 



JO 



r'"^ 3/1 i\ 3 

Cr./ {1+t- s)-^y~~->{l + s)~~^ ds 

Jo 

Z"*/^ 3/1 1\ 3 

+ a,7 / (l + r)-2l---J(l + t-r)-^rfr, 



JO 

where we have used the change of variable, t — s = t in the second term in the last 
relation. When 0<s<t/2, 1 + t — s>l + s, we have 

(t_s)-H7-^J(l + s)"^c/s < 2^,^ M +-J y (l + s)~^rfs 

<2C,,,(l + t)-t(f-f) 

because 87/2 > 1 holds by ()3.44p . which combined with ()3.45|) implies that 

||/2(t)IU'-(R3) < for any t > 1 (3.46) 

provided that g < r < 00 and 3(l/g — 1/r) < 2. From ()3.42|) and ()3.43|) we have 

l|V/i(t)|U,(R3) < C,t-^||/|U,(r,). (3.47) 
By (jO^ and (jCT]) we have 

(t-s)-^(l + s)-^ds||/|U,(r2) 

(3-48) 



||V/2(t)||L.(M3) <Cg I it- s)-2{l + s)-^ ds\\f\\L.in) 

Jo 



+ a 



Observe that 



/ (t-s) J 2(l + s) ^lds<Cq^^ (1+t-s) 2U J + 2, 

JO JO 

Z"*^"^ , , 3 / 1 1 N 1 , ,3 

= / (1 + t - s)"2U-^J-2 (1 + s)-2^ 

JO 

+ / (l + s)"5(7-i)-5(i + t-s)"^c/s. 

Jt/2 
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If 1 < g < 3, then 3/2g - 1/2 > 0, and therefore 

/t— 1 i/'llNl 3 / t\^^ /"V^ g 



which combined with ()3.48j) imphes that 

||V/2(t)||L.(R3) < C,t--^\\f\\L,ia), t > 1 (3.49) 
provided that 1 < g < 3. The proof is completed. □ 

3rd step 

We consider the case when < t < 2. We shall prove the following lemma. 
Lemma 3.3. Let 1 < g < oo and < t <2 and f G L'^{f2). Then we have 

||T(t)/||L'-(r2) < l<g<r<oo, (3.50) 

||Vr(t)/|U.(,,) < C,,,t-t(^')'^||/|U,(r,), 1< g < r < oo. (3.51) 

Proof. For any real number s G (0,2), by complex interpolation theorem we have 
W''i{f2) = [L'^iO), W^^i{f2)]e with 3 = 26 (see e.g., Triebel From ((221) we have 

\\T{t)f\\L,(a)<C,\\f\\mn), (3.52) 
\\T{t)f\\w2.in) < C.t-'Wfh'^in) (3.53) 

for < t < 2. Therefore interpolating ()3.52p and ()3.53|1 for s = 26* we obtain 

\\T{t)f\\ws,'>(n) < (3.54) 
From the Sobolev embedding theorem and ()3.54|) . for s = 3(l/g — 1/r) we have 

\\Tit)f\\Lr^n) < (3.55) 
for < t < 2 and 1 < g < r < oo. By (j332|l and (j333|l we have 

||VT(t)/|U,(^) < C||T(t)/||i(^)||T(t)/4,„(^) < Cr^||/|U,(«) (3.56) 
for < t < 2. Therefore, by ()3.55p and ()3.56p we obtain 

i™u,„,,||vr(|4)4 ,c(0-*||t(04 



3(1 i\ 1 ,, 
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for < t < 2. 

Finally we shall consider the L°° estimate. For 3 < g < oo, by using Sobolev's 
inequality: 

with 6* = 3/g and ()3.55|) and ()3.56|) we have 



\T{t)f\\L°o{n) < Cqt 29 11/11^5(12) 



(3.57) 



for < t < 2. Next we consider the cases when 1 < g < 3/2 or 3/2 < g < 3. Let 
3/(A; + 1) < g < 3/A; with A; = 1,2. We set {qi}\=Q in such a way that l/g^+i = 
l/q£ — 1/3 (£ = 0, 1, . . . , A; — 1) with go = g. Since 1 < g < 3, we see that 3 < g^ < oo. 
Therefore by using ()3.57p with g = g^ and ()3.55p with r = g^, we obtain 



\T{t)f\ 



L-(n) = T [-]T [-] f 



3_ _3(1_J_\ 

< Ct ^"kt n-j ^k) 11/ 



< Ct 



L°°(C) 

L'?(n) 



L'>k{Q.) 



Cr^||/lU,(n), 



for t > 0. This implies ()3.57p for 1 — 3/g ^ Nq. When 1 — 3/g G Nq, we choose r in 
such a way that g < r < oo and 1 — 3/r ^ Nq. Then, by (I3.55|l with g = r and ()3.57|) 
we have 



wmn 



_3_ 

2r 



_3_ 

' 2r 



f 



'2\q r 



— — 

f\\Li{Q)'£iCq^rt ^'^ |l /IU''(i^) 



for < t < 2. Hence we get ()3.55|1 for 1 < g < r < oo. The proof is completed. □ 



4th step 

Now, we shall complete the proof of Theorem 11.11 Combining Lemma 13.21 and 
Lemma [3. 3[ we have 

\\T{t)f\\Lrin) < Q.t-^('"')||/||L.{i?) (3.58) 

for any t > and / G L'^{^) provided that 1 < g < r < oo and 3(l/g — 1/r) < 2. 
When 1 < g < r < oo and 3(l/g — 1/r) > 2, we choose numbers g^, j = 1, 2, 1, 
in such a way that g = go < gi < g2 < • ■ ■ < qe-i < = r and 3(l/gm_i — l/g^) < 2 
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for m = 1,2, ... ,i. Repeated use of ()3.58p implies that 
r(^)/llL'■(^2) = 

<c, 




<lt,<le-i 



< ■■■<C, 



f\\L<i{Q), 



and therefore we have ()3.58p for any t > and / G -^^^(i?) provided that 1 < g < r < 
oo. 

Now we consider the case when q = 1. For any cp,il^ E C^^{Q), by Theorem 12.51 
and ()3.58p we have 

\{T{t)^,^)n\ = \{^,T{t)i^)^\ < ||<p|Ui(^)||T(t)V'|U^(r.) < CMmn)t-'/'''' 
where r' = r/(r — 1), and therefore we have 



\\T{t)cp\\Lr^a) < Crt-'^ 



(Q)^Uri ^m^Wma)- (3.59) 



Since is dense in U^{Q), by the density argument we have ()3.59j) for any 

Combining ()3.32p and ()3.51|) . we obtc 



tarn 



for any t > and / G L^^^fi) provided that 
we have 



||VT(t)/|U,(^,) < C,t-^\f\\L.^a) (3.60) 
1 < g < 3. Combining (jSISHI), and 



livr(t)/|| 



L^{Q) — 



VT ( ; ) T ^ / 



< Cr-r 



for any t > and / G L^i^) provided that l<g<r<3,r7^1. This completes 
the proof of Theorem 11.11 
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4 Proof of Theorem 11.41 

This section is devoted to the proof of Theorem For notational simphcity, we use 
the abbreviation || ■ \\q which stands for || ■ ||L9(i7). At first employing the argument 
due to Kato jllj for the Cauchy problem of the Navier-Stokes system, we shall solve 
the integral equations pNT|) by contraction mapping principle. 
In order to do this, we introduce the following symbols: 

[v]e,q,t = sup s^\\v{s)\\g, 

0<s<t 

Nt = Mi_i,|,t + [Vi;]i,3,„ 

|||v|||t = Mo,3,t + Mi,oo,t+ 

with some fixed real number 6 G (0, 1). As an underlying space, we set 

Im = {{v{t), Bit)) e BCi[0, oo); Ll{f]) x (12)) | 

\im {[{v -a,B- b)]o,3, + [{v, B)], + {{v, B)},} = 0, (4.1) 

sup|||(t;,S)|||,<2M||(a,b)||3}, (4.2) 

where M will be determined later (see ()4.8|) below). Set 

Vo{t) = e-'^a, Bo{t) = e"*^?,. 

We shall prove that there exist positive constants M and r] such that if 

\\{a,b)h<v, (4.3) 

then $ becomes a contraction map from Xm into itself. 
At the beginning, we shall show that 

\im[{vo~a,Bo-b)]o-,,t = 0, (4.4) 
\imlivo,Bo)]t = 0, ^hm [(i;o,Bo)]|,oo, = 0- (4.5) 

In fact, for any e > there exists a pair (a^, b^) E C^^{f2) x C^^{il) so that ||(a, b) — 
{a^,b^)\\3 < e. Therefore, by the L^-boundedness of the semigroups f Theorems 11.11 
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and 11.31 with q 



3), we see that 



Boit)) - (a, b) II3 < II (e-*^(a - a,), e-*^(& - 6,))||3 

'6,-6)||3 + ||(a,-a,b,-b)||3 



+ ||(e-*V-aoe-*^' 
< C6 + II (e-*V- a., e-'^" 6.-6)113 



d 



as 



< Ce- 

< Ce + Ct\\{a„b,)\\w^,3(^f2) 



ds 



Therefore we have 



hm [{vq -a,Bo- 6)]o,3,t < Ce. 
t-»o+ 



This imphes ()4.4|1 . because e is chosen arbitrarily. By similar manner, we have 

t^||KW,So(t))||3 < t'^'||(e-*^(a - a,),e-*-^(6 - 6,))||3 

+ t^||(e~*V,e" 



<C||(a-a„6-6,)||3 + Ct 



foe) II 3 

o 

1 3 



' ^'■|K«e,6e)||. 



£) "ej \ \r 



with some r G (3,3/5), which implies 



lim [vn, Sol 1-* 3 . < Ce. 

t->0+ 2 'i''^ 



From similar calculation, we see that 



^hm [(t;o, Bo)] 1,^, < Ce, /_im [V(«o, So)]i,3,t < Ce. 



(4.6) 



(4.7) 



Since e is chosen arbitrarily, by ()4.f)|l and ()4.7j) we have ()4.5|1 . 
By Theorems 11.11 and II. 3t one can easily see that 

|||(t;o,-Bo)|||i<M||(a,6)||3 for any t > 



(4i 



with some constant M. In particular, from ()4.6|) . ()4.7p and ()4.8|) . we see that 
('«;o(t),-Bo(t)) e JAf. 

Now, we shall estimate the nonlinear terms F[v, B]{t) and C[v, B]{t). In order to 
do this, we prepare the following inequality essentially due to the Holder inequality: 



{u{s) ■ VMs)\\s < ||n(s)||3||Vt;(.)||3 < Cs 

1 + o 



-1+1 



(4.9) 
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for any < s < t. By Theorem 11.31 and the L'^-boundedness of the Helmholtz 
projection ()1.3|) . we have 

\\F[v,B]{t)\U < f\\e-^'-'^^PMs)-V)v{s) - {B{s) ■ V)B{s)]hds 
Jo 

< C [\t - s)-t(^-^)(||(^(s) ■ V)v{s)\\. + UB{s) ■ V)B{s)\\s) ds 

Jo '+'^ 

<c£(t-.)-i(||«(.)||3||Vi;(s)||3+||B(s)||3||VBGs)||3)rf.. 

By similar manner with Theorem II .If we have 

\\G[v,B]{t)h<C [\t-s)-H\\v{s)\\i\\VB{s)h+\\B{s^^ 
Jo ' * 

From the above two estimates and ()4.9|1 . we obtain 

l|(F[t;,S])(t),G[^,B](t)l|3<C r(t-.)-il|(^(.),B(s))||3||V(^(.),B(.))||3rf. 

Jo ' 

<C [\t-sris''^Usliv,B)f, 
Jo 

= Ci?(l- ^,01(^,5)1?, (4.10) 

where B{q,r) denotes the beta function. From similar calculations, we obtain the 
following estimates: 



UF[v,B]it),G[v,Bms <C [\t- s)-h-'^Usliv,B) 

' Jo 



1 6 



<CB[-r-]t-'^liv,B)]l, (4.11) 



\\V{F[v, B]{t), G[v, B]{t)h < C f\t - s)-^s-i+f dsl{v, B)\ 

Jo 



<CB[^-^,^-]t-H{v^B)\l, (4.12) 



||(F[^, B]{t), G[v, B]{t)\U < G [\t - .)-^s-^+i dsliv, B)f, 

Jo 



<GB{^-^,^-]t-mv,B)]l (4.13) 
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From dmni), (Emi), (H:T^ and KT^ . we have 

UF[v,B],G[v,B])\l<Cl{v,B)]l (4.14) 

Hence, from fl4.8|) and ()4.14|) . we have 

|||$(t;, B) III, < Mil (a, 6) jh + B)]l (4.15) 

[$(^, S) - (a, 6)]o,3, + [<f (^, B)] 1,^,, + mv, B)l 

(4 16) 

< [(^;o -a, Bo- 6)]o,3,t + [(«o, Bo)]i,oo, + IK, ^o)!* + CUv, B)}1 

Therefore, if {v,B) e Im, then by dHH), (jOl), (jOj), (g^)), (H:TH|) and KIJ^ . we 
obtain 



||$(v,B)|||, < M||(a,b)||3 + 4CM2||(a,b)||2 for any t > 0, (4.17) 
'Mv,B)-ia,b)]o,3,t + 

Choose an ?7 > in such a way that 



hm ([<|.(^, B) - (a, 6)]o,3, + [$(«, B)]^ + [$(«, B)^) = 0. (4.18) 



4CM77 < 1. (4.19) 

Then by ()4.17j] we have 

|||$(t;,S)|||, <2M||(a,6)||3 for any t > (4.20) 

provided that ||(a, 6)||3 < rj, which combined with ()4.18|1 imphes that $(f , B) G Im 
provided that {v, B) G Im- This shows that $ is a mapping from Im into itself. By 
using ()4.9p , Theorems 11.11 and 11.31 and employing the same argument as in the proof 
of dHHI), we have 

imvi,Bi)-<^{v2,B2)l\t 
<C{l{vuB,)}t + l{v2,B2)}t)l{vuBi) - {v2,B2)jt (4.21) 
<4CM||(a,6)||3|||(t;i,Bi)-(«2,B2)|||, 

for any {vi, Bi), (i>2, B2) G Im- If we choose an 77 > in such a way that 

iCMf] < ^, 

then it follows from ()4.21|) that $ is a contraction map from Im into itself if || (a, 6) || 3 < 
f]. Therefore, there exists a unique fixed point {v{t), B{t)) G Im of $, which solves 
pNT|l . The uniqueness of solutions to (jTNT|l holds for any {v{t),B{t)) G Im- 
Namely, if {vi{t), Bi{t)), {v2{t), B2{t)) G Im satisfy the integral equations pNTj) 
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with the same initial data (a, b) G L^{i^) x L^{0) with \\{a, 6)||3 < rj, then we have 
B,{t)) = B2(t)) for any t > 0. 

Now we shall show sharp asymptotic behavior of the global in time strong solution: 
p.4j) and p.5j) . In order to do this, at first we shall show the following: 

lim||(t;(t),S(t))||3 = 0. (4.22) 

t— >oo 

Given < 7 < 1/2, we take 3/2 < g < 3 such that 7 = 3/2g - 1/2. Given 
(a, 6) e C^A^) X C^,{n) with ||(a,b)||3 < r], let {v{t),B{t)) be solution of (llNT|l . 
Then applying the L'^-L^ estimate and the L^/'^-L^ estimate for e~*^ and e~*'^ to 
()INT|) and using the Holder inequality, we have 

\\{v{t),B{t))h 

<Ct~^\\{a,b)\U + C I {t-s)-^\{v{s),B{s))U\V{v{s),B{s))hds 

Jo 

<Ct-^\\ia,b)l + C [ (t-s)-^rt-^ds[(i;,S)],,3,t[V(i;,B)]i3,, 

Jo 

< Ct-^!^\\{a,b)\U + CB Q,^ -7) ||(a,6)||3||[KB)],,3,} , 

which implies that 

[iv,B)],,,,t<C\\ia,b)\\, + C\\{a,b)Uiv,B)],,,,t. 

Since choosing 77 > smaller if necessary, we may assume that C||(a, 6)||3 < 1/2 
provided that ||(a, 6)||3 < r], we have 

[{v,B)],,s,t<2C\\{a,b%. 

This implies that ^4^2^ holds for any initial data (a, b) G C^^i^^) x C^„{n) with 
\\ia,b)h<v. 

For general (a, 6) G x -L^(i^) with ||(a, b)||3 < rj and any e > 0, we 

choose and b^ in such a way that \\{a^ — a, 6^ — 6)||3 < e. Choosing e > 
smaller if necessary, we may assume that || (0^,6^)113 < V for any e > 0. Since 
||(ae,6J||3 < r], the corresponding solution of ()INT|) satisfies ()4.22|) . Combining this 
fact and continuous dependence of solution: Ll{f]) x L^(fi) 3 (a, b) {v{t), B{t)) G 
B C {[0, 00); Ll{n) X Ll{n)), we have 

\\{v{t),Bmh<\\iHt)-v.{t),B{t)-BMh+\\Mt),BMh 
<Ce + C\\{v,{t),B,{t))h. 

Since e is arbitrary and {v^{t), B^{t)) satisfies ()4.22j] . we get ()4.22|1 for any initial data 
(a, 6) G Ll{f2) X Llin) with ||(a,b)||3 < V- 
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1- 

oo 



By the interpolation inequality, we get 

^^^||(t;(^),s(^))||,<||(^;(^),B(^))||^(^l||(t;(t),B(^))l| 

<C,\\{a,b)\\l-'\\{v{t),Bm\l 

with 1/q = 6/3, which together with ()4.22|) implies that ()1.4|) for 3 < g < oo. Here 
we have used the global boundedness of t^/'^\\(v{t), B(t))\\oc which is guaranteed by 
the fact that a pair {v{t), B{t)) is global solution of pNT|) with property ()4.ip and 
()4.2j) . Finally, we shall prove ()1.4j) for g = oo and In order to do this, we 

rewrite pNT|l as follows: 

v{t) = e-^Mt/^) - I e-(*-^)^P[(?;(s) ■ V)v{s) - {B{s) ■ V)B{s)] ds, 
Bit) = e-^2^B{t/2) - j\-^'-'^^[{v{s) ■V)B{s) - {B{s) ■ V)v{s)] ds. 

Then by Theorems 11.11 and 11.31 we obtain 

\\{v{t),Bm\oo <Ct--^ \\{v{t/2),B{t/2m, 

+ C [\t - s)-^\{v{s), B{sm4V{v{s), B{s))h ds 



and 

\\V{v{t),Bm\3<Ct-'^\\{v{t/2),B{t/2m, 

+ C J^^{t-sr^\{v{s),B{s))UV{v{s),B{s))hds 

Therefore combining the above two estimates and || V(i>(t), -B(t))||3 < Ct~^^'^\\{a, 6) Ha, 
we obtain 

tH\\{v{t),Bm\oo + mv{t),Bm\3) 

<C\\{v{t/2),B{t/2))h + C\\{a,b)h sup sH{v{s), B{s))\\, 

t/2<s<t 

for t > 0. Therefore, from ()4.22|) and p.4p with g = 6, we have ()1.4p for q = oo and 
()1.5p . This completes the proof of Theorem 11.41 
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